Random access code (RAC) is a strategy to access remote data even if one has limited information about it. We derive here the conditions for the optimal performance of two most basic RAC protocols implemented using two-qubit states. The conditions derived are valid for any set of decoding operations. This allows a meaningful comparison between quantum and classical resources in RAC and leads to identifying the condition for quantum advantage. It turns out that the necessary resource is quantum discord of the assisting state, but, importantly, the non-vanishing value of quantum discord in itself does not guarantee quantum advantage for any choice of decoding operations. We show that simultaneous correlation in mutually unbiased bases as well as a particular notion of nonclassicality based on quantum steering can capture efficiency of the optimal RAC for orthogonal decoding operations.
I. INTRODUCTION
Quantum entanglement has long been recognized as a powerful resource for demonstrating quantum nonlocality [1] as well as for implementing various information processing tasks [2] . In particular, in the area of quantum communication, the efficacy of quantum entanglement in implementing communication protocols with betterthan-classical results has been extensively demonstrated [3] . However, as the creation, manipulation and protection of entanglement against decohering effect are quite daunting, it becomes important to ask whether quantum correlations inherent in separable states can be usable as resource for quantum advantage in quantum information processing (QIP) tasks? It is this question that serves as the general backdrop for the present paper which focuses, in particular, on the specific communication protocol known as finite shared randomness assisted Random Access Code (RAC) [4] . Here it is important to note that any discussion regarding the resource for quantum advantage in QIP tasks is inevitably linked with the crucial issue of optimal implementation of the task. Accordingly, we first discuss optimal implementation of two most basic RAC protocols and then demonstrate features of the assisting state that give rise to quantum advantage.
To put it succinctly, a n p − → m RAC task is a two party information theoretic task where a sender/encoder (Alice) is in possession of a bit string of length n and she communicates to a receiver/decoder (Bob) another bit string of length m (m < n), encoding the information of the n bit string [5] in such a way that Bob can guess any of the n bits with probability at least p [5, 6] . Restricting ourselves to the n p − → 1 RAC task, in the quantum regime, this can be implemented using either qubit communication or a classical bit communication [6] and a shared bipartite qubit state [7] . Here we focus on the latter variant, considering only the 2 p − → 1 and 3 p − → 1 versions of RAC. Coincidentally, the other version of quantum RAC was conceived hand in hand with the field of quantum information [5] . In order to highlight the general importance of RAC, this task has been adapted for multifaceted applications ranging from random number generation * som.kanjilal1011991@gmail.com [8] , network coding theory [9] , quantum key distribution [10] to dimension witnessing [11] and self-testing [12] . From the foundational perspective, we note that a version of RAC in generalized probability theory [13] studied with respect to PR box [14] helps lent itself to the characterization of quantum theory from information theoretic principles [15] . Both quantum versions of the RAC protocols have been experimentally demonstrated [16, 17] .
To be more specific, we first consider the issue of optimality i.e. what is the maximum value of the worst case success probability p and under what conditions it is achieved in a RAC protocol in which decoding strategy of Bob is known to Alice. Note that, to date, the optimal solution is known only for the maximally entangled state assisted RAC protocol [7] . We provide optimal solutions for RAC protocols assisted with arbitrary two-qubit states. We then compare them with the best classical protocols assisted with two bits of shared randomness and obtain condition for quantum advantage in terms of state parameters for the case of shared Bell diagonal states. Next, we identify what kind of non-classical features the shared quantum states must have in order to demonstrate quantum advantage for any set of decoding operations. For this, we have shown that the non-zero geometric discord of the assisting two-qubit state is necessary but not sufficient. Finally, we argue that simultaneous correlation in mutually unbiased bases [18] and a measure of nonclassicality emerging from the quantum steering, namely superunsteerability [19] , are the relevant resources leading to quantum advantage for all orthogonal decoding operations.
Previous studies on the non-classical features required to outperform the classical variant of RAC protocol have dealt with a specific type of quantum random access code, namely, parity-oblivious RAC [20] and have demonstrated that preparation contextuality [21] is the resource for quantum advantage in this case [16, 22] . In contrast, here we consider shared randomness assisted RAC without the parity obliviousness constraint. Bob is asked to give the value of randomly selected bit of Alice's dataset. To help him Alice communicates m < n classical bits and they both share correlated classical or quantum bits from the source S R .
II. RANDOM ACCESS CODE WITH SHARED RANDOMNESS
We study here the task depicted in Fig. 1 . In general, Alice and Bob share a source of classical bits (c-bit) or quantum bits (qubit), S R , which delivers them systems r a and r b respectively. Alice's dataset is a string of n classical bits x = [x 0 , x 1 , x 2 , ....., x n−1 ]. She encodes the information about x in a m c-bit string a = [a 0 , a 1 , ...., a m−1 ] with the help of a (qu)bit from the shared source and communicates the m-bit message to Bob. Using the communicated string and the (qu)bit from the shared source Bob guesses a randomly chosen bit of Alice's dataset. The worst case probability of correct guess, p, is the figure of merit in the task. A generic quantum RAC assisted with two quantum bits looks as follows. For concreteness let us choose n = 3. Depending on x Alice chooses a measurement along one of eight directionsÂ x and sends the measurement outcome A x = 0, 1 to Bob. Bob infers the value of the kth bit (k ∈ {0, 1, 2}) of Alice by measuring along one of three directionsB k and outputting A x ⊕ B k , where B k = 0, 1 is his measurement outcome and ⊕ denotes the binary sum. Therefore, for a particular bit string x, the success probability is P(A x ⊕ B k = x k ) and the figure of merit becomes
(1)
Now we pose the following question : Given a set of decoding oper- 
where the maximization is over all possible sets of Alice's encoding
In what follows we will use the decomposition of any two-qubit state in terms of tensor product of Pauli operators:
whereM andN are the local Bloch vectors,σ = (σ x , σ y , σ z ) is the vector of Pauli operators and we assume that the directions of the local Cartesian coordinate systems are such that the correlation tensor T is diagonal and hence the last sum is over the diagonal elements only. With this notation at hand the question is answered by the following theorem proved in Appendix A.
Theorem 1. For a 3 → 1 RAC assisted with arbitrary two-qubit state the maximal value of the worst case success probability for a given set of decoding operations B is given by
where T −1 is the diagonal matrix diag( 1
. Exemplary set of optimal encodings of Alice reads:
One can apply the same procedure as that in Appendix A also to the case of 2 → 1 RAC assisted with arbitrary two-qubit state. The resulting optimal settings of Alice and the success probability are characterised by the following theorem.
Theorem 2. For a 2 → 1 RAC assisted with arbitrary two-qubit state the optimum value of the worst case success probability for a given set of decoding operations B is given by
and exemplary set of optimal encodings reads:
We are now in position to compare the quantum RAC with the best classical ones.
III. QUANTUM ADVANTAGE FOR ALL DECODING STRATEGIES
As discussed in Fig. 1 , we compare the quantum RAC protocol assisted with two qubits to the best classical protocol assisted with two bits. The performance of the classical protocols has been studied in Ref. [4] and has the following features
for all n > 1 if the assisting bits have maximally mixed marginals for Bob, where the maximally mixed marginal implies that the probability of obtaining bit 0 from the shared source equals that of obtaining bit 1.
Before proceeding further, it is important to note that unlike the classical shared random source, for a shared bipartite qubit state the marginal probability distribution changes depending on the local strategies. We therefore focus now on a class of quantum states for which the marginal probability distributions corresponding to Alice and Bob remain the same for any local measurement settings. For bipartite qubit states, such class is known as Bell diagonal states given by
where T i are the elements of a diagonal correlation matrix
with |T 1 | ≥ |T 2 | ≥ |T 3 |. Furthermore, we are interested in features of the Bell diagonal states that allow Alice to outperform the best classical RAC for any decoding strategy of Bob. Let us first demonstrate the implication of this requirement. Consider the following assisting state in 2 → 1 RAC:
If Bob's decoding operations areB 0 =ŷ,B 1 =ẑ, it can be verified that p max = 1 2 1 + |T 2 ||T 3 |/ T 2 2 + T 2 3 and since T 3 = 0 there is no quantum advantage. On the other hand, if the decoding operations areB 0 =x andB 1 =ŷ, one finds p max = 1
√ 2) displaying quantum advantage. Therefore, an assisting state may or may not lead to the quantum advantage depending on the set of decoding strategies used by Bob.
We have chosen the state (10) in order to illustrate that typical quantum resources are not responsible for the quantum advantage in the discussed task. The state (10) is separable and hence entanglement is not necessary to demonstrate quantum advantage for some decoding operations. Quantum discord of the state is non-zero, e.g. the normalised geometric discord D geom = 1/2 √ 2 [23] , whereas there exist decodings that do not give rise to the quantum advantage. Hence, neither entanglement not quantum discord properly account for the efficiency of the quantum protocol.
From Eqs. (4) and (6) we note that the necessary condition behind the quantum advantage for any set of decoding operations is the existence of the inverse T −1 , i.e. the requirement that the smallest diagonal entry of T satisfies
We now show that the value of T 3 measures the performance of 2 → 1 RAC if the decoding operations of Bob are restricted to be orthogonal. This is done by defining the following quantity which involves minimization over all orthogonal decoding operations
This choice of decoding operations is known to achieve to highest p max for RAC codes assisted with entangled states [7] . From Eq. (12) using Eq. (6) for the case of orthogonal decoding operations we obtain
In Appendix B we show that the above optimisations lead to the following success probability:
Hence P and |T 3 | are in one-to-one relation and one can regard the smallest value of the correlation T 3 quantifying the resource underlying quantum advantage in RAC with orthogonal decodings.
In [24] it has been shown that a notion of non-classicality inspired from quantum steering, namely superunsteerability, is operationally related to the 2 → 1 and 3 → 1 RAC. Similar to the steering phenomena, one can formulate 2-setting superunsteerability (S 2 ), 3-setting superunsteerability (S 3 ) and so on. For Bell diagonal states it has been shown that [24] S 2 = |T 2 | and S 3 = |T 3 |.
For the separable Bell-diagonal states used as resource corresponding to the RAC protocols suggested in [4] , the state with maximum S 2 (S 3 ) gives rise to the maximum quantum advantage of 2(3) → 1 RAC. Comparing Eq. (14) with Eq. (15) we see that any Bell diagonal state will demonstrate quantum advantage for all orthogonal decoding operations as long as S 3 is not equal to zero. Now, to identify an alternative resource underlying the quantum advantage of RAC, we consider the classical correlations defined as maximal Holevo quantity between Alice (sender) and Bob (receiver), maximized over all possible measurements of Alice. The notion of quantum correlation suitable for our purpose has been introduced by Wu et. al. [18] that we shall now briefly describe. It is based on the concept of mutually unbiased bases (MUB) [25] and the feature that classical correlations can be present in only one of the many suitably chosen MUBs [26] whereas quantum correlation can be present simultaneously in more than one set of MUBs [18] . Now, let us denote the set of measurements of Alice that achieve the maximal Holevo quantity as Γ 1 . Quantum correlations Q 2 are defined as maximal Holevo quantity with respect to Alice conducting measurements that are unbiased to all the set Γ 1 [18] . We denote the set of measurements defining Q 2 as Γ 2 . One can now define Q 3 by allowing Alice to conduct measurements unbiased to both the sets Γ 1 and Γ 2 , etc [18] . It is then straightforward to verify that for the Bell diagonal states characterized by diagonal correlation matrix T given by Eq. (9) we have
where h(x) = −x log 2 x − (1 − x) log 2 (1 − x) is the binary entropy. Now, since Q 3 has one-to-one correspondence with |T 3 | and P, it is thus legitimate to consider this measure of quantum correlation as a resource giving rise to quantum advantage in 2 → 1 RAC with orthogonal decodings.
Further, note that, as seen from Eq. (11), non-vanishing value of the two aforementioned measures of quantum correlation is necessary for quantum advantage for 2 → 1 and 3 → 1 RAC protocols for arbitrary decoding operations.
IV. CONCLUSIONS
To summarize the key results obtained in this work, for an arbitrary bipartite qubit state used as resource, optimum values of the worst case success probability have been evaluated respectively for the 2 → 1 and 3 → 1 RAC protocols corresponding to any given respective sets of decoding operations. Next, we have shown that the necessary feature ensuring quantum advantage in the 3 → 1 and 2 → 1 RAC protocols assisted with Bell diagonal states, for arbitrary decoding operations, lies in the presence of the smallest diagonal entry in the correlation tensor of the shared resource state. Furthermore, it has been argued that modulus of this entry or equivalently the measure Q 3 of simultaneous correlation in MUBs [18] as well as the measure S 3 of 3-setting superunsteerability quantify the performance of 2 → 1 RAC with orthogonal decodings.
Let us now conclude with a brief discussion of possible extensions of the current work. We have obtained the maximum value of the worst case success probability for a given set of decoding operations. One can similarly formulate the optimal RAC protocol (in terms of either the maximum value of the average success probability or the worst case success probability) for a fixed set of encoding operations or generalize it to the n → 1 RAC protocol with bipartite qudit state as resource [27] . The present work demonstrates that the separable bipartite qubit state outperforms locally equivalent classical shared randomness in RAC. The question arises whether RAC can outperform its classical variant if multiple decoders want to guess the correct value of any of the bit in the n-bit string. Study of such question is also important in the context of tasks known as sharing of quantum correlations [28] . In this connection, it is worth noting that the version of RAC protocol with the transfer of quantum state between Alice and Bob has been recently extended to the case of multiple decoders [29] . Thus, it should be worthwhile to investigate the question whether entanglement is a necessary ingredient for obtaining better-than-classical efficiency in the case of multiple encoder-decoder scenarios. 
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